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Abstract

Last time, an attempt was made to analyze the first
wave of COVID-19 in Japan from February to May
2020 by the Avrami equation. This time, all infection
waves that occurred repeatedly from February 2020
to September 2021 were simulated by developing the
last work. The entire waveform was basically simu-
lated by the superposition of five major waves, and
the least-squares method was applied to each wave
to determine the parameters of the equation. De-
spite the simulation using the single equation assum-
ing that the parameters were constants, the accuracy
of the simulated cumulative infection D was as good
as 95%CI/D < 2.5% after the second wave when D
exceeded 10,000. Since the simulation was highly ac-
curate, it was effective in predicting the number of
infections in the near future and in considering the
cause of changes in the number of infections observed
as the detailed structure of the waveform.

1 Introduction

In the previous work[1], we attempted to analyze the
first wave of COVID-19 in Japan from February to
May, 2020 by the Avrami (or JMAK) equation[2] that
describes the phase transformation dynamics and is
another approach than the conventional SIR model
and its expanded models[3, 4, 5, 6, 7]. As its entity
model, the physical process of the linear growth of
nuclei forming randomly in the parent phase was as-
sumed. This process was quantitatively determined
by three parameters, the initial susceptible Ds, the
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domain growth rate K, and the nucleation decay con-
stant ν.

This time, the target duration of the analysis is
expanded to include all major waves as well as small
initial waves from February 2020 to September 2021,
and detailed analysis will be performed using the
same theory.

The purpose of this study is to simulate the entire
waveform of the recurring infection waves by devel-
oping the last work.

2 Data analysis

2.1 Theoretical basis

In the previous work[1], two cases where the do-
main grew one-dimensionally and two-dimensionally
from randomly generated nuclei were compared. This
time, each major wave was represented by a superpo-
sition of multiple waves without ignoring small waves.
As a result, the one-dimensional growth model was
not considered because the two-dimensional growth
model provided more physically reasonable parame-
ter values.

The number of time-dependent daily new infec-
tions J(t) (referred to as the daily infections later)
is[1]

J(t) = Ds

(
−K

2

ν
f1

)
exp

(
−K

2

ν2
f2

)
, (1)

where t is the time, Ds is the initial susceptible,
K2 = 2πG2lcN0, G the growth speed, lc the do-
main thickness, N0 the number of active points for
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nucleus, ν the decay constant, f1 = 1− e−νt−νt and
f2 = 1− e−νt − νt+ (νt)2/2.

The number of time-dependent cumulative daily
new infections D(t) (referred to as the total infections
later) is expressed by the following equation[1],

D(t) = Ds

[
1− exp

(
−K

2

ν2
f2

)]
. (2)

2.2 Result of the total wave analysis

First, the results of analysis of the entire waveform of
the daily and the total infections are shown in Figs.
1 and 2 as linear and semi-logarithmic plots, respec-
tively. The dark green and the red markers are the
detected daily and total infections, respectively. The
blue curve is the theoretical value of the daily infec-
tions for each wave and the dark blue curve is the
sum of them, J(t). The brown curve is the theoret-
ical value of the total infections for each wave and
the dark brown curve is the sum of them, D(t). The
broken line is the 95%CI calculated from the moving
standard deviation with 7-days sliding window.

The entire waveform was simulated with a total of
14 wave superpositions grouped into 5 major waves.
The detected value of the daily infections fluctuates
remarkably in a weekly cycle after the second wave.
This is because Sunday is a holiday in Japan and
many medical institutions are also closed. The de-
tected value of the daily infections J(t) fluctuates in
this way, but the detected total infections D(t) shows
a smooth curve. The least-squares method was ap-
plied to the curve of the total infections to determine
the three parameters. The accuracy of the simulated
total infections D was as good as 95%CI/D < 2.5%
after the second wave when D exceeded 10,000.

2.3 Superposition analysis method

In order to make the theoretical value more consistent
with the detected value than the last work[1], the first
wave was expressed as the superposition of the initial
1.1th wave and the main 1.2th wave.

First, the least-squares method is applied to the
root mean squate (RMS) between detected and theo-
retical values of the time-dependent characteristic of
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Figure 1: Detected and simulated results of COVID-
19 infection waves over the entire duration in Japan.
The dark green and the red markers are the detected
daily and total infections, respectively. The blue
curve is the theoretical value of the daily infections
for each wave and the dark blue curve is the sum of
them, J(t). The brown curve is the theoretical value
of the total infections for each wave and the dark
brown curve is the sum of them, D(t). The broken
line is the 95%CI.
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Figure 2: Detected and simulated results of COVID-
19 infection waves over the entire duration in Japan.
The meanings of the markers and the curves are
the same as those in Fig. 1. The entire waveform
was simulated with a total of 14 wave superpositions
grouped into 5 major waves.

2



the 1.1th wave total infections to determine the three
parameters, Ds, K

2 and ν.
Next, as shown in Eqs. 3 and 4, the value obtained

by subtracting the theoretical value of the previously
obtained wave from the detected value is regarded as
the new detected value of the wave to be analyzed.
The least-squares method is applied to RMS between
new detected and theoretical values to determine the
three parameters of the wave to be analyzed. This
operation is repeated from the 1.2th wave to the 5.3th
wave.

The new detected value of the daily infections
Jnewdet(t) to be analyzed is

Jnewdet(t) = Jdet(t)−
W1∑
i=1

W2∑
j=1

Ji.j(t), (3)

where Jdet(t) is the detected value of the daily infec-
tions, W1 is the id number of each wave (1, 2, 3, 4, or
5), and W2 is the sub-id number of each wave (1, 2,
or 3). For example, if W1 = 5 then W2 = 2 (if i = 1)
or 3 (if i = 2, 3, 4, and 5).

The new detected value of the total infections
Dnewdet(t) to be analyzed is

Dnewdet(t) = Ddet(t)−
W1∑
i=1

W2∑
j=1

Di.j(t), (4)

where Ddet(t) is the detected value of the total in-
fections, W1 and W2 are the same as those of Eq.
3.

The duration of each wave to which the least-
squares method is applied is shown in Table 1.

As an example, the ln(1/(1−X))− Time3 plot of
the Avrami equation[8] for the 4.3th wave is shown
in Fig. 3, where X is the fraction of domain that
has been transformed by formation and growth of
nuclei. The red marker is the detected value, the
dark brown line is the theoretical value, the dark blue
straight line is the approximate straight line when νt
is small enough, and the broken line is the 95%CI
calculated from the moving standard deviation with
the sliding window set to 7 days. The characteristic
shows linearity with a small deviation.

Table 1: The duration of each wave to which the
least-squares method is applied.

Wave Start day End day

1.1th 04-Feb-2020 18-Mar-2020
1.2th 19-Mar-2020 07-May-2020
2.1th 18-Apr-2020 07-Jun-2020
2.2th 30-May-2020 22-Jun-2020
2.3th 21-Jun-2020 08-Sep-2020
3.1th 26-Aug-2020 13-Oct-2020
3.2th 10-Oct-2020 20-Dec-2020
3.3th 10-Dec-2020 02-Feb-2021
4.1th 28-Jan-2021 28-Feb-2021
4.2th 19-Feb-2021 22-Mar-2021
4.3th 13-Mar-2021 13-Jun-2021
5.1th 04-Jun-2021 11-Jul-2021
5.2th 06-Jul-2021 22-Jul-2021
5.3th 20-Jul-2021 17-Sep-2021
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Figure 3: The ln(1/(1 − X)) − Time3 plot of the
Avrami equation for the 4.3th wave. X is the fraction
of domain that has been transformed by formation
and growth of nuclei. The red marker is the detected
value, the dark brown line represents the theory, the
dark blue straight line is the approximate straight
line when νt is small enough, and the broken line
represents the 95%CI.
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Figure 4: The daily and the total infections versus
time characteristics of the 4.3th wave. The dark
green and the red markers are the detected values of
the daily and the total infections, respectively. The
blue and the brown curves represent the theory of
the daily and the total infections, respectively. The
broken line represents the 95%CI.

Figure 4 shows the time-dependent characteristics
of the daily and the total infections of the 4.3th wave.
The meanings of the markers and the curves are the
same as those in Fig. 1. The theoretical curve for
the total infections closely approximates the detected
value. The detected value of the daily infections
fluctuates greatly in a weekly cycle, but is approx-
imated by the theoretical curve when evaluated in
the 95%CI.

2.4 Determined parameters

Table 2 shows the parameters determined for each of
the 14 waves, Ds, K

2, ν, and ton, where ton is the
rise time defined as the time taken by the D(t) − t
characteristic to change from the 10% value to the
90% value.

The highest correlation between each parameter
was the relationship between ton and K. The re-
lationship is shown in Fig. 5. The sample correlation
coefficient γ is -0.93, and the faster the growth rate,

Table 2: Parameters determined for each of the 14
waves

Wave Ds K2 ν ton
[person] [1/day2] [1/day] [day]

1.1th 1,729 0.00846 0.00660 41
1.2th 14,100 0.01200 0.01800 28
2.1th 1,517 0.00797 0.00900 40
2.2th 1,401 0.01882 0.01100 28
2.3th 57,300 0.00623 0.00600 49
3.1th 19,569 0.00498 0.01500 41
3.2th 125,770 0.00432 0.00650 54
3.3th 190,417 0.01063 0.01000 34
4.1th 25,570 0.01893 0.01800 24
4.2th 40,647 0.01097 0.01300 32
4.3th 309,360 0.00506 0.00800 54
5.1th 102,542 0.00600 0.00800 45
5.2th 278,797 0.01000 0.00800 37
5.3th 528,277 0.01093 0.00960 34
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Figure 5: Relation between the rise time ton and the
domain growth rate K, where the rise time is defined
as the time taken by the D(t) − t characteristic to
change from the 10% value to the 90% value.
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the shorter the time it takes for the total infections
to reach Ds. This corresponds to the physical pro-
cess in which the higher the domain growth rate, the
faster the domains will collide with each other and
reach the growth limit boundary.

On the other hand, the value of γ between K and
Ds was as small as -0.17. It is suggested that the
domain growth rate does not significantly affect the
value of Ds. In addition, when K is high and Ds is
also large, the daily infections show a rapid increase
and a rapid decrease, and the value of ton is short-
ened.

Since the nucleation decay constant ν is propor-
tional to the nucleation rate, the correlation with
other parameters was similar to that of K. The value
of γ between ton and ν was -0.74 and that between ν
and Ds was -0.31.

Since the correlation between Ds and K and the
correlation betweenDs and ν are small, it is necessary
to consider the overall infectious nucleation and its
growth process that occurs in Japanese society from
a broader perspective.

2.5 Result of the first wave analysis

The first wave was expressed as the superposition of
the 1.1th wave and the 1.2th wave. Figure 6 shows
the analysis result of the entire first wave. The mean-
ings of the markers and the curves are the same as
those in Fig. 1. The accuracy of the simulated
D for the main wave (1.2th wave) was as good as
95%CI/D < 4%.

2.6 Result of the second wave analysis

The theoretical value of daily infections in the 1.2th
wave reached a peak of about 506 around April 15,
2020, and decreased to about 30 around May 13,
2020. However, it did not reach zero and increased
significantly from around 24th of June[9]. This pro-
cess was regarded as the second wave and expressed
as the superposition of the 2.1th, the 2.2th, and the
2.3th waves.

Figure 7 shows the analysis result of the entire sec-
ond wave. The meanings of the markers and the
curves are the same as those in Fig. 1. The accuracy
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Figure 6: Detected and simulated results of the first
COVID-19 infection wave in Japan. The meanings of
the markers and the curves are the same as those in
Fig. 1.

of the simulation for the main wave (2.3th wave) was
as good as 95%CI/D < 2.5%.

2.7 Result of the third wave analysis

The theoretical value of daily infections in the 2.3th
wave reached a peak of about 1,182 around August
8, 2020, and decreased to about 400 around Septem-
ber 7, 2020. However, the number of daily infections
did not decrease further and increased significantly
in early December[9]. This process was regarded as
the third wave and expressed as the superposition of
the 3.1th, the 3.2th, and the 3.3th waves.

Figure 8 shows the analysis result of the entire
third wave. The meanings of the markers and the
curves are the same as those in Fig. 1. The accuracy
of the simulation for the main wave (3.3th wave) was
as good as 95%CI/D < 1.1%.

2.8 Result of the fourth wave analysis

The theoretical value of daily infections in the 3.3th
wave reached a peak of about 5,521 around January
13, 2021, and decreased to about 1,570 around Febru-
ary 5, 2021. However, the number of daily infections
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Figure 7: Detected and simulated results of the sec-
ond COVID-19 infection wave in Japan. The mean-
ings of the markers and the curves are the same as
those in Fig. 1.
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Figure 8: Detected and simulated results of the third
COVID-19 infection wave in Japan. The meanings of
the markers and the curves are the same as those in
Fig. 1.
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Figure 9: Detected and simulated results of the
fourth COVID-19 infection wave in Japan. The
meanings of the markers and the curves are the same
as those in Fig. 1.

slowed down since then and increased significantly
in early March[9]. This process was regarded as the
fourth wave and expressed as the superposition of the
4.1th, the 4.2th, and the 4.3th waves.

Figure 9 shows the analysis result of the entire
fourth wave. The meanings of the markers and the
curves are the same as those in Fig. 1. The accuracy
of the simulation for the main wave (4.3th wave) was
as good as 95%CI/D < 0.5%.

2.9 Result of the fifth wave analysis

The theoretical value of daily infections in the 4.3th
wave reached a peak of about 5,700 around May 5,
2021, and decreased to about 900 around June 18,
2021. However, the number of daily infections slowed
down since then and increased significantly in mid-
July[9]. This process was regarded as the fifth wave
and expressed as the superposition of the 5.1th, the
5.2th, and the 5.3th waves.

Figure 10 shows the analysis result of the entire
fifth wave. The meanings of the markers and the
curves are the same as those in Fig. 1. The accuracy
of the simulation for the main wave (5.3th wave) was
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Figure 10: Detected and simulated results of the fifth
COVID-19 infection wave in Japan. The meanings of
the markers and the curves are the same as those in
Fig. 1.

as good as 95%CI/D < 0.7%.

3 Discussions

3.1 Nucleation and growth model

In order for one new phase to be produced in the
parent phase, a new phase must be born (nucleation)
and it must grow[8]. In the case of COVID-19, the
nucleation means that new infections occur among
susceptibility holders. However, unlike polarization
reversal of ferroelectric materials[10, 11], new infec-
tions do not occur spontaneously. As an entity model,
the following physical process is assumed.

Primary infection occurs when infectious virus car-
riers move into a susceptibility holder population.
This primary infection is considered as the nucle-
ation. The time and location of nucleation change
randomly as the virus carrier moves. If a new in-
fection occurs at each time and place, it will spread
one-dimensionally or two-dimensionally.

3.2 Infection transmission route seen
in the first wave of Japan

The SARS-CoV-2 virus which was first confirmed
to be infected in Japan in January 2020[9] de-
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Figure 11: Detected and simulated results of the first
and the second COVID-19 infection waves in Japan.
The meanings of the markers and the curves are the
same as those in Fig. 1.

scended from Wuhan-Hu-1-related isolates[12], but
from February to April 2020, it replaced the D614G
variant virus and caused the first wave in Japan. It
is said that this variant virus may have been brought
from overseas by students who went on a graduation
trip in March 2020. Furthermore, March 20 - 22,
2020 were consecutive holidays in Japan, and peo-
ple’s exchanges increased. Then, in early April, the
number of infections increased rapidly, forming the
first wave[13, 14].

Figure 11 shows the characteristics of the first and
the second waves. The meanings of the markers and
the curves are the same as those in Fig. 1. The gov-
ernment issued a state of emergency on April 7, 2020
in seven prefectures including Tokyo prefecture, and
expanded it nationwide on 16th of April[15]. The
daily number of infections in the first wave reached
a maximum of 714 on April 11, 2020, then declined
to 28 on May 25 when the state of emergency was
lifted nationwide. As can be seen from Fig. 11, the
number of new infections is low during June, but in-
creases again in early July, forming a second wave
larger than the first wave, though it is necessary to
consider that the PCR test was performed in a lim-
ited manner during the first wave.

The government did not declare a state of emer-
gency during the second wave. However, the inspec-
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Figure 12: Detected and simulated results of the
second and the third COVID-19 infection waves in
Japan. The meanings of the markers and the curves
are the same as those in Fig. 1.

tion system was also in place from the time of the
first wave, and it became possible to grasp the whole
picture of infected people and people refrained from
acting, so the second wave reached maximum on Au-
gust 6, 2020[16]. After reaching 1,595, it decreased
along the theoretical curve, as can be seen in Fig. 11.

3.3 Economic measures and consecu-
tive holiday effect

Figure 12 shows the characteristics of the second and
the third waves of COVID-19 in Japan. The figure
shows the periods of ”Go to Travel Campaign” (from
22-Jul-2020 to 14-Dec-2020) and ”Go to Eat Cam-
paign” (from 1-Oct-2020 to . . . ) projects carried out
by the government of Japan[17].

The ”Go to Travel Campaign” was held during the
second wave, but the impact on the infection was ig-
nored because the second wave decreased in Septem-
ber as seen in Fig. 11. However, in November, when
the two campaigns were underway, the 3.2th wave,
which was larger than the second wave, occurred.
For this reason, the government announced a nation-
wide suspension of the projects. Immediately after
the announcement of this suspension, the third wave
increased more rapidly and formed the largest ever
3.3th wave as seen in Fig. 12.
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Figure 13: Detected values and simulated results be-
fore the holidays of the 3.3th COVID-19 infection
wave in Japan. The meanings of the markers and
the curves are the same as those in Fig. 1.

The consecutive holidays from December 31, 2020
to January 3, 2021 are New Year holidays, and as a
tradition, many Japanese people move and interact
nationwide.

Figure 13 shows the characteristics of extracted
3.3th wave from the third wave. The thick blue and
the brown curves represent the theory of the daily
and the total infections, respectively, obtained from
the detected infections before the holidays (until De-
cember 31, 2020).

When there are consecutive holidays, the detected
value of the daily infections before the holidays fluc-
tuates regularly in a weekly cycle, and the data in the
holidays shows irregularly small values. Then, the
data returns to the one-week cycle type after show-
ing irregularly large values. The data in the holidays
is small because many medical institutions are also
closed. It is clear that the number of infections af-
ter the holidays increased significantly compared with
the simulation before the holidays.

Figure 14 shows the characteristics of the extracted
3.3th wave showing two simulated curves. The thick
blue and the brown curves represent the theory of the
daily and the total infections, respectively, obtained
from the detected infections after the holidays (un-
til February 3, 2021). The thin blue and the brown
curves represent the theory of the daily and the total
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Figure 14: Detected and two simulated results before
and after the holidays of the 3.3th COVID-19 infec-
tion wave in Japan. The meanings of the markers
and the curves are the same as those in Fig. 1.

infections, respectively, which are the same ones as
in Fig. 13.

The characteristic of the 3.3th wave is that
the speed of infection spread is about 1.6 times
faster than that of the 3.2th wave (from Table 2,√

0.0106/
√

0.0043 ' 1.6) and Ds is also large. The
daily infections of the 3.3th wave have shown a rapid
increase and a rapid decrease. This is one of the com-
mon characteristics mentioned in the ”Determined
parameters” subsection. Therefore, this is the natu-
ral infectious properties of the virus in the lifestyle
of Japanese people including the effect of the state
of emergency that was issued by the government of
Japan on January 7, 2021[18].

It is reasonable to consider that during the period
of the two economic measures, the movement and in-
teraction of people increased nationwide leading the
infection to the large 3.2th wave, and the New Year
holidays accelerated the infection more rapidly lead-
ing to the largest ever 3.3th wave.

Another traditional holiday in Japan is called
”Golden Week”, the consecutive holidays in early
May. Figure 15 shows the 4.3th wave characteristics
of analyzing ”Golden Week” from April 29 to May 3,
2021 as the same way as in Fig. 14.

Table 3 shows the results of the analysis carried
out to know the predictability of the number of in-
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Figure 15: Detected and two simulated results before
and after the holidays of the 4.3th COVID-19 infec-
tion wave in Japan. The meanings of the markers
and the curves are the same as those in Fig. 1.

Table 3: The simulation predictability
End day Ds Ds ratio

of simulation [person] [%]

15-May-2021 308,253 99.6
28-May-2021 314,596 101.7
13-Jun-2021 309,360 100.0

fections in the near future using the characteristics of
the 4.3th wave in addition to the analysis of consec-
utive holidays. If the analysis duration of the 4.3th
wave in Table 1 is from March 13, 2021 to 15th of
May, 28th of May, and 13th of June, the ratio of the
former two values of Ds to the last Ds were 99.6% and
101.7%, respectively. The number of infections in the
near future could be predicted within ±2% from the
detected values after the number of daily infections
exceeded the maximum value where the environmen-
tal change was small.

Table 4 shows the simulated values of Ds before
and after the holidays for the two ”consecutive holi-
day effect”. This time, the “New Year holiday effect”
was 156% and the ”Golden Week holiday effect” was
123%.
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Table 4: The values of Ds of New Year holidays and
Golden Week holidays simulated before and after the
holidays.

Holiday Ds−bef Ds−aft Effect
[person] [person] [%]

New Year 121,966 190,417 156
Golden Week 252,099 309,513 123

4 Conclusion

The purpose of this study was to simulate all COVID-
19 infection waves that occurred repeatedly from
February 2020 to September 2021 in Japan. The en-
tire waveform was basically simulated by the super-
position of five major waves, and the least-squares
method was applied to each wave to determine the
parameters of the Avrami equation. Despite the
simulation using the single equation assuming that
the parameters were constants, the accuracy of the
simulated cumulative infection D was as good as
95%CI/D < 2.5% after the second wave when D
exceeded 10,000. Since the simulation was highly ac-
curate, it was effective in predicting the number of
infections in the near future and in considering the
cause of changes in the number of infections observed
as the detailed structure of the waveform. On the
other hand, the relevance of this method to the con-
ventional SIR model has not been investigated.
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